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Continuous setting

Find p : Ω→ R an approximation of the steady advection-reaction problem

β·∇p + µp = s in Ω,

p = pD on ∂Ω−.

• Convective vector field β

• Reaction coefficient µ
• Source terms s and Dirichlet condition pD

1) Accurate scheme with DoFs at vertices
2) Polyhedral/Non-conformorning 3D meshes
3) Low computational cost
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Objectives
1) Stable scheme in the coercivity norm
2) Theoretical accuracy of order 3/2
3) Practical accuracy of order 2
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Results

Discrete scheme

Find p ∈ P such that for all q ∈ P ,

Aβ,µ(p, p) = Ξ(s, pD; q)

• DoFs at vertices (V) and cells (C): P = V × C
• Cell-wise bilinear form: Aβ,µ(·, ·) =

∑
c∈C Ac

β,µ(·, ·)

I Consistency + Stabilization approach Ac
β,µ(·, ·) =

Consistency︷ ︸︸ ︷
ac

β,µ(·, ·) +

Stabilization︷ ︸︸ ︷
sc
β(·, ·)

• Consistency term induced the continuous Galerkin formulation

Discrete bilinear form : ac
β,µ(p, q) :=

∫
c

β·∇LPc (p)LPc (q) + µLPc (p)LPc (q)

Continuous bilinear form : ac
β,µ(p, q) :=

∫
c

β·∇p q + µp q

• Stabilization term using a local gradient jump penalty method

sc
β(p, q) := h2

c |β|−1
∫
Fc

[[βc ·∇LPc (p)]][[βc ·∇LPc (q)]]
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I Reconstruction map LPc (p)(x) = pc`c(x) +
∑

v∈Vc

pv`v ,c(x)
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P1-hat functions: ((θv )v∈Vc
, (θf )f ∈Fc

, θc)

∀x ∈ pef ,c ,

 `v ,c(x) := δveθv (x) + δvf
|f ∩ pv ,c |
|f | θf (x)

`c(x) := θc(x)

I Schur complement w.r.t ACC (diagonal). Solve a matrix of size #V instead of (#V+#C).(
AVV AVC

ACV ACC

)
p =

(
ΞV

ΞC

)
Static−−−−−−−→

Condensation

(
AVV − AVCA−1

CC ACV 0VC

A−1
CC ACV IdCC

)
p =

(
ΞV − AVCA−1

CC ΞC

A−1
CC ΞC

)

Numerical results

A) Comparative study on 3D meshes of the error ErV(p) w.r.t a smooth manufactured solution p(x , y , z) = sin(kxπx) sin(kyπy) sin(kzπz)
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1) µ = 1 and β = (1/2− y , x − 1/2, z) 2) Smooth approximation of a piecewise constant vector field

0
0.5

1 0 0.5
1

0

2

4

x y

ln
(z

)

2

y

z

x

�1

�2

—2(0, 1, 0)

—1(0, 1, 1)

7 lines

4

•

•

ùxe

◊

◊

¶xc

•

•

• xv

◊
xf

¶xc

ù xe

•

•
xv

◊
xf

¶xc

•

◊

6 Domain

y

z

x

�1

�2
—2(0, 0, 1)

—1(0, 1, 1)

3

102 103 104 105
10≠3

10≠2

10≠1

2

3/2

#V

E
r V

(p
)

10≠3 10≠2 10≠1

105

106

107

108

109

1010

1011

6

ErV(p)

‰

1 CT1, advection reaction

1

2 Discontinuous field
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2 Discontinuous field
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B) Boundary layer resolution on adapted mesh of the convective field and the manufactured solution p(x , y , z) ∼ sin(kxπx) sin(kzπz) cosh(y)

β ∼
(

(1 + x) cosh(y4), 0, 0
)
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2 Flow Field
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Submitted paper "A vertex-based scheme on polyhedral meshes for advection-reaction problems with sub-mesh stabilization"


